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*2 : Abstract 
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^ ; We study faithful teleportation systematically with arbitrary entangled states as re- 

CN ■ sources. The necessary conditions of mixed states to complete perfect teleportation 

are proved. Based on these results, the necessary and sufficient conditions of faith- 
ful teleportation of an unknown state \<f>) in C d with entangled source p in C m ™ rd 



X 



and C d <8» C" are derived. It is shown that for p in C m <S> C d , p must be a maximally 
Ch . 

entangled state, while for p in C d <8> C", p must be a pure maximally entangled state. 
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Moreover, we show that the sender's measurements must be all projectors of max- 
imally entangled pure states. The relations between the entanglement of formation 

> 

of the resource states and faithful teleportation are also discussed. PAC numbers: 
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CO 

1 03.67.Mn, 03.65.Ud 
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I. INTRODUCTION 



Quantum teleportation plays an important role in quantum information processing. It, em- 
ploying classical communication and shared resource of entanglement, allows to transmit an un- 
known quantum state from a sender to a receiver that are spatially separated. Bennett et. al. [Ill] 
first demonstrated the teleportation of an arbitrary qubit state in terms of an entangled Einstein- 
Podolsky-Rosen pair. Generally it has proved that only maximally entangled pure states in C d ®C d 



3] 



could faithfully teleport an arbitrary pure state in C d D2, 

Multipartite states have been also used in faithful and deterministic teleportation. For instance, 
the three-qubit GHZ state and a class of W states can be used for faithful teleportation of one qubit 
state ||4j, |5fl. In fact, they are all maximally entangled pure states in C 2 <8> C 2 between Alice and 
Bob. Some five-qubit state is capable of faithful teleportation of arbitrary two-qubit states Q6D. The 
tensor products of two Bell states [7] and the genuine four-qubit entangled states [8] are also used 
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for faithful teleportation of two-qubit states, in which the teleportation channels can be regarded as 
maximally entangled states in C 4 <8>C 4 shared by the sender and receiver. Basically multipartite pure 
entangled states are analogous to higher dimensional bipartite pure states in quantum teleportation. 

In a realistic case, due to the decoherence the pure maximally entangled states may evolve into 
mixed entangled states, which could make the teleportation of a state in C d imperfect, if the shared 
entangled state is in C d <8> C d . 

In this paper, we study faithful teleportation with high dimensional bipartite pure or mixed 
states as the resource. We investigate faithful teleportation of an arbitrary pure state \<p) in C d 
by using entangled state p in C m <g> C" (m, n > d). We first derive the necessary conditions of 
mixed states as entangled resources to fulfill faithful teleportation. The necessary and sufficient 
conditions for faithful teleportation are obtained for resource states p in C m <S> C d and C d <S> C". We 
show that p in C m ®C d , either pure or mixed, must be maximally entangled. While p in C d ®C n must 
be pure maximally entangled. Moreover, to fulfill faithful teleportation, the sender's measurements 
must be all projectors of maximally entangled pure states. For p in C m <S> C", m, n> d, we present 
some classes of states for faithful teleportation. 

II. TELEPORTATION WITH ENTANGLED RESOURCE STATES IN C m ® C n 

Let \<p) = Xf=i a i\i) be the unknown pure state that is to be sent from Alice to Bob, where 
{|z)}f =1 is the orthonormal basis of C d . Let p be the entangled state shared by Alice and Bob. To 
carry out teleportation Alice needs to perform projective measurements on her two particles: one 
in state |0) and one part of the entangled state p. Learning the measurement results from Alice via 
the classical communication channel, Bob applies a corresponding unitary transformation on the 
other part of the entangled state p, so as to transform the state of this part to the unknown state 
In the following we investigate this traditional faithful teleportation with arbitrary dimensional 
bipartite entangled state p. 

We first consider the case that p in C m <S> C" (m, n> d). 

Theorem 1 If a mixed state p = pMdi^ii Pi ^ 0, Yn=\ Pi = h JS an ideal resource for faithful 
teleportation, then every pure state is the ideal resource for faithful teleportation. 

Proof. Let j)} r j =l be an orthonormal basis in C, YIj=\ l = h, where I r is the rxr identity 

matrix. Assume Alice makes a complete projective measurement j){ifj j\Y- =l on the initial state 
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|0>(0| <8> p, where |0) is unknown state to be teleported. Then Bob applies the unitary operation 
on his part with respect to Alice's measurement result j. A faithful teleportation implies that 

k r 

10X01 ®p = J] pMM ® IfcXfcl = Y 40Mfo\ ® f/ a) l0X0|f/°" )t (i) 

with Ylj = i qj = 1, <?y > 0, j = 1, • • • ,r. After Alice's complete projective measurement, from Eq. 
(0Q) we obtain 

k 

Y A-(0;I(I0X0I ® I0 ( -X0 ; |)l0y) = ^•t/ o ' ) |0X0|f/°' )t (2) 



1=1 



and 



<0 7 Ki0X0i ® mmifa) = fijU^muw, o) 

with 2f = i Zy=i y)y = 1. fu ^ 0> z ' = 1. • • • . k, j = 1, • • • , r. From Eq. © we have 

r r 
^<0y|(|0X0| ® |0,X0,I)|0 ; ) = Yj fijU {j) \m\U {m (4) 
7=1 7=1 

for i = 1, • • • ,k. Due to the completeness of the projectors {|0/X0/|}, fij satisfies YIj=\ fij = 1 f° r 
each i. Therefore every pure state |0 ; ) must be an ideal resource for faithful teleportation. □ 

From the theorem one has the following necessary condition of mixed states for faithful tele- 
portation. 

Corollary 2 If mixed state p is the ideal resource for faithful teleportation, then its eigenstates 
must be all ideal resource for faithful teleportation. 

Utilizing the necessary conditions of mixed states, we consider now which kind of states in 
C m <8> C can be used as entangled resource for faithful teleportation of an unknown state |0) in C d . 
We systematically study the problem in four cases. 

Case i). n = d, pure states 

Since any pure state |0) in C m <8> C d can be transformed into some pure state in C d <g> C d under 
local unitary transformations, we only need to consider pure states |0) in C d <S> C d . In this case, it 
has been shown that only maximally entangled pure states can be used for faithful teleportation in 
C d ® C d , if the Bell measurements are applied by Alice yj-l3|]. Here we give an alternative proof 
of this result for consistency and the use for the rest of this paper. In addition, from the proof we 
show that, to fulfill faithful teleportation, Alice's measurements must be projectors of maximally 
entangled pure states. 



Theorem 3 A pure state \if/) in C d <S> C d is an ideal resource for faithful teleportation of \(p) = 
Zf=i a i\i)> if and only if\if/) is maximally entangled. Moreover, Alice's measurements must be all 
projectors of maximally entangled states. 

Proof. Let = Zf/=i a ij\ij) be the entangled pure state shared by Alice and Bob. To teleport 
the unknown state \(p), Alice carries out complete measurements {\4f st )(ifr s t\} d . t=v where \t[r st ) = 
Y? p , q =i U pq Jpq) satisfying (^y,,# s>f ) = 2p, 9 =i u P q,st u * pq , s >f = <^,A,f- One has 

d d d 

\4>M) = J] aia jk \ijk) = a i a jk\^ s t)(^st\ijk) 

i,j,k=l s,t=l i,j,k=l 

d d d 

= 2 l^>< Z U ht<*i<*jk\k)) = Yj \^t)A T Vl\(f>), (5) 

s,t=i i,j,k=l s,t=l 

where (V st )ij = (Ui^ st ) and (A),j = are the coefficient matrices of \tf/ st ) and respectively. 
If \tfr) is an ideal resource for faithful teleportation, then A T V] t should be unitary up to a constant 
factor: 

A T Vl = c^, (6) 
for some unitary matrix W st and < c st < 1, s, t = 1, • • • , d, 

d 

Y\c st \ 2 = h (7) 

s,t=l 

Let A T = {/1A1V1 and V] t = U^stA^stV^st be the singular decompositions of A T and V] t 
respectively, where Uu V\, U2, st , are unitary matrices, Ai = diag{A\, ■ ■ ■ , A d ), A 2i . s r = 
diag(jui M , • • • ,fid,st), M and fj. itSt are the corresponding singular values. Due to the normality, 
frAA 1 " = trV st V] t = 1, one gets 

d 

i=l 

J>,>| 2 = 1- (9) 
i=i 

Then from Eq. © we have 

4/ d = A T VlV st A TJ( = U^VtU^A^Al^stVWM ( 10 ) 

and 

c* (A, Aj)- 1 = V! ^A^^C^X' ( n ) 



which give rise to 



\M~ 2 = (12) 



\W = r^r 2 (13) 



c 2 

.vf 

and 

J s, 
\Hi,st 

by reordering {A,} and {/u Lst }- From Eq. ([8]) and Eq. (fT2l) we have 

c ^ 1=1 i=\ 
Using Eq. © one has c 2 t > 1 /J 2 for s, t = 1, • • • , J, which results in 

4 = \\ (14) 
by taking into account Eq. ©. Inserting Eq. ([141) into Eq. (fT3l) and using Eq. © we get 

i=i l^" 1 

Hence in terms of Eq. ®, Eq. (fT3l) and Eq. (fT5l) we obtain 

l^l 2 = KJ 2 = 3, i, 5, ? = 1, • ■ • , J, (16) 
a 

which are just the square of the Schmidt coefficients of and \i// st ) respectively. Therefore A T = 
-j=jU and V st = -4=Vsz for some unitary matrices U and V st . As a result, the shared entangled state 
and the state \\p st ) in the projective measurements {\iff s t)(^st\} must be all maximally entangled 
ones. At last, the initial state can be expressed as 

d 

d 



1 d 

\<t>M) = ^Yj ^^)u s m, (17) 

s,t=\ 



where U st = dA T V] t is determined by the shared state \ifj) and the projective measurement op- 
erators \iffst){tyst\- To carry out the teleportation, Alice measures her particles by d 2 orthonormal 
projectors, and informs Bob the measurement results. Each result appears in her measurements 
with probability ■ According to Alice's measurement result st, Bob fulfills faithful teleportation 
by applying unitary operation U] t on his part of the entangled resource. 
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Conversely, if the shared entangled state is maximally entangled, it is straightforward to prove 
that faithful teleportation can be carried out. A maximally entangled state can be generally ex- 
pressed as Ui <8> U 2 \iff), where \ifr) = -j= £f =1 U\ and U 2 are unitary matrices. Taking \ifr) as the 
entangled resource to teleport \<p) = YlL\ ^i'IO* one nas 
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s,t=\ 



where \\j/ st ) = -^U] t ® s,t = 1,2, • • • , d. Here {U st } is the basis of the unitary operators 
satisfying tr(U st U s , f ) = d5 SS '5 tt ' and tr(U st U st ) = Id- For instance, one could choose U st = h'g s 
with d x d matrices h and g such that h\j) = \(j + 1) mod d), g\j) = a> j \j), to = exp{-2in/d}, 
s,t = 1, 2, • • • , d, as the basis of the unitary operators to perform the faithful teleportation. Faithful 
teleportation with other maximally entangled pure states can be similarly analyzed. □ 

Case ii). n = d, mixed states 

Theorem 4 A mixed state p in C m <S> C d with rank k can be used as the entangled resource for 
faithful ,elepor,a,ion of »> = „», i, and only if p is ,He mixed maximally en,an g led slate 
/ISj/: p = Yix=\ PxlfrxXftxl where \ip x ) is maximally entangled in H x ®C d , 6imH x = d, x = 1, • • • ,k, 
{ H x } are complex vector spaces that are orthogonal to each other. 

One of the maximally entangled state in C m <S> C d (m > d) is of the form, \<p)=Z!i=\ ~b$$- Quan- 
tified by a certain entanglement measure, a mixed maximally entangled state has the same degree 
of entanglement as this pure maximally entangled state. This fact holds true for any entanglement 
measures that does not increase under local operations and classical communications in literature 

Si- n 

Proof. It has been proved that the mixed maximally entangled state [9] can be used to fulfill 
faithful teleportation. Now we prove the converse. Suppose the mixed state p with rank k in 
C m ® C d is the ideal resource for teleportation. From corollary 0we have that the k orthogonal 
eigenstates of p with respect to nonzero eigenvalues are all maximally entangled. In fact, they 
can be constructed in the following way. We assume, without loss of generality, be maximally 
entangled in Hi <g> C d with H x = C d = Span{\\), • • • , \d)}, where {|?)}f =1 is an orthonormal basis of 
C d . From Eq. © one has 

d 2 d 2 

£<^|(|0><0| ® l<Ai)(<Ail)l«A 7 ) = J^frjU^XcpiuW, (18) 



where fa = \/d 2 for j = 1, • • • , d 2 , and f\j = for j > d 2 . Here {\t/fj)}f =l are maximally entangled 
states constituting an orthonormal basis in C d <8> Hi. Similarly state |0 2 ) satisfies 

2d 2 2d 2 

(tj\{\m\®\*2)mWj)= Yj f2jU (i) \m\u un m 

j=d 2 +l j=d 2 + l 

with f 2 j = 1 /d 2 for j = d 2 + 1, • • • , 2d 2 , and f 2 j = otherwise. {|0./)}^2 +1 are maximally entangled 
and constitute an orthonormal basis in C d <8> H 2 , dim// 2 = d. Hence \\J/ 2 ) is maximally entangled 
in H 2 <8> C rf . From the orthogonality of {\ftj)}f =l and we know that #2 is orthogonal to 

i/i. Other eigenstates \ifj x ), 2 < x < k, can be treated similarly, 

xd 2 xd 2 

(hm(<f>\®\^MMj)= J] fxjU (i) \m\u (m . (20) 

j=(x-\)d 2 + \ j=(x-\)<fl+\ 

{| | A;)}jf( A ._ 1)rf 2 +1 are maximally entangled and constitute the orthonormal basis in C d <8> H x , where 
{H x } are orthogonal to each other, dim H x = d for x = 1, • • • , k. Hence \if/ x ) is maximally entangled 
in H x <8> C rf . From the above analysis, we have m> kd with k the rank of p. The probability of the 
outcomes of each measurement depends on the eigenvalues p t , i = 1,- • • ,k. Therefore a mixed 
state p in C m ®C d that can be used for faithful teleportation of |0) in C d must be a mixed maximally 
entangled state. □ 

As an example, we consider the faithful teleportation of |0) = a\0) + f3\l) by using a mixed 
maximally entangled state p in C 4 ® C 2 , p = jl^X^JI + jl^JX^JI with |0|) = -^=(|00> + |11» 
and |0 + ) = -^=(|20) + |31)). By straightforward calculations one has 

10X01 ®Po = ^(llft) ® 10) + I0D ® <^I0) + |#> ® o- x |0) + |07) ® O" 2 |0» 
«(A|| <8> (0| + (071 <8> cr 3 (0| + (0 + | <8> CTX0I - (071 <8> o- 2 (0|) 

+ ^(102 ) ® 10) + 102 > ® ^3l0> + 102 > ® ^ll0> + 102 > ® ^2l0» 
((0+| <8> (0| + (0 2 | ® CT 3 (0| + (0+| (8) O"i(0| - (02| (8 O- 2 (0|), 

where |07) = -L(|00)-|11)), |0f) = ^(|01>±|10», |0 2 ) = ^(|20>-|31» and |0±> = ^(|21>±|30» 
are maximally entangled states, crj = |0)(1| + |1)(0|, cr 2 = -|0)(1| + |1)(0| and cr 3 = |0)(0| - |1)(1| 
are Pauli matrices. Above relation implies that the faithful teleportation can be carried out with 
the mixed maximally entangled state p . 

In fact, this mixed state p could be evolved from a maximally entangled pure state |0 O ) = 
^(|00> + |1 1) + |22) + |33)). If the second part of the pure state |0 O ) undergoes a noisy channel with 



Kraus operators Ai = |0)<0| + |1)<1| and A 2 = |2)<2| + |3)<3|, \ifr ) becomes p„ = A <8> /(l^oX^ol). 
Usually under noisy channel a maximally entangled pure state becomes a mixed one which can be 
no longer used for faithful teleportation. Our example shows that this channel does not influence 
the capability of the input state for faithful teleportation of one qubit state. 
Case iii). m = d, pure or mixed states 

Theorem 5 An entangled state p in <C d ®C n can be used for faithful teleportation of\<p) = 2f=i a i\i)> 
if and only if it is a maximally entangled pure state in C d <S> C d . 

Proof. If p with rank k is able to teleport \<f>) faithfully, from corollary |2]its eigenstates should be 
all ideal resources for teleportation. Hence according to the proof of theorem UJ p's eigenvectors 
associated with the first subsystem must be orthogonal to each other. Namely the dimension of the 
first subsystem of p should be kd. Since the dimension of the first subsystem of p is d, we have 
k = 1 and p is a maximally entangled pure state. □ 

In the above discussions we have used the traditional teleportation protocol: Alice makes a 
projective measurement first, Bob applies unitary operations correspondingly then. In fact, if the 
entangled resource is in C'<8>C", Bob performs a projective measurement first, then more entangled 
states may be served as ideal resources for faithful teleportation. 

Theorem 6 State p in C d ®C n can be used for faithful teleportation of state \<f>) = £f =1 ar,|i), if and 
only if p is the mixed maximally entangled state: p = Jj k x=l p x \ifrx)( t l , x\> where \ij/ x ) is maximally 
entangled in C d <S> H x , dm\H x = d, x = 1, • • • ,k, n > kd, {H x } are complex vector spaces that are 
orthogonal to each other. 

Proof. Let Bob perform a complete measurement first. To carry out faithful teleportation, from 
theorem |5]the post-measurement state in C d <S> C"', (n' < n), must be a maximally entangled pure 
state in C d <8> C d . Since local operations do not increase entanglement, the initial state p with rank 
k must be a maximally entangled one in C d <8> C d . This implies that n > kd and p = Y![=\ PxWx){ l l / x\ 
with \ifr x ) the maximally entangled state in C d <S> H x , A\mH x = d, x = 1, • • • , k, {H x } are orthogonal 
to each other. 

On the other hand, if Bob's measurement can project the maximally entangled states in C d <S> C" 
to be the above maximally entangled states in C d <8> H x , they can be used for faithful teleportation 
obviously. Therefore, state p in C d ® C" can be used for faithful teleportation if and only if it is the 
mixed maximally entangled and n> kd. □ 
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Case iv). m,n > d, pure or mixed states 

Concerning pure states in m, n > d, we introduce a class of states: 

\ifr) = ci|^!> + • • • + <#,>, (21) 

where G if^ ® fl^ is a maximally entangled state, {//^}^ =1 are complex vector spaces that 
are orthogonal to each other, dim Hp = dim Hp = n p > d for p = 1, • • • , I, £ j « P < min{m, n} 
and Yli=\ \ c i\ 2 = 1- Without loss of generality, we assume Alice's measurements are given by 
the projectors {\^ s t, P ){ipst,p\}, s = 1, • • • , d, t = 1, • • • , n p , p = 1, • • • , /. Here for p = ,1, 
{\fyst,p){fyst, P \} are projectors onto C d ®Hp. And [\ifr st> p)} are maximally entangled states constituting 
an orthonormal basis in C d ® Hp. We have 

j i d n p 

\m) = -= E Z Z c pl^, P )f/.s,, P l0), (22) 

V" n /' p=\ s=i f=i 

where the unitary matrix £7^ depends on the shared resource state \ifr) and the measurement 

~ ~ Ic I 2 

operator \ilf st , p )(iff s t,p\- The probability of Alice's each measurement outcome is 

For example, let us consider the teleportation of a qubit state \<f>) = a\0) + J3\l) with non- 
maximally entangled pure state \ifs) = -\fa\rj) + Vl - a|£), with \rf) = -^=(|00) + |11)) and 
|£> = ^=(|22> + |33> + |44».Wehave 

I0>®l^> = ^(^(|OO) + |ll))®t/ 1 |^) + ^(|OO)-|ll))<8>t/ 2 |0) 
2 V2 V2 

+-U|01> + |10» ® U 3 \<f>) + -U|01> - |10» ® f/ 4 |0» 
V2 V2 
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+ A /^(— (|O2>+|13»®y 1 |0>+— (|O2>-|13»<8)y 2 |0> 
' 6 V2 V2 

+4=(|03> + |14» ® V 3 |0> + -U|03) - |14» ® V 4 |<£> 
V2 V2 

+ ^=(|04> + |12» <g> V 5 |0> + -U|04> - |12» ® V 6 \<f>)), 
V2 V2 

where t/ 1>2 = |0><0| ± |1><1| + |2><2| + |3><3| + |4)<4|, U 3A = 1 1 ><0| ± |0>< 1 1 + |2><2| + |3><3| + |4)<4|, 
V u = |0><2| + |2><0| ± |1X3| ± |3><1| + |4><4|, V 3A = |0><3| + |3><0| ± |1><4| ± |4><1| + |2)<2|, V 5fi = 
|0)<4| + |4)(0| + |1)(2| ± |2)(1| + |3><3]. Obviously with respect to the Alice's measurement results, 
faithful teleportation can be realized by applying the corresponding unitary transformations £/,- and 
Vj, i = 1, 4, j = 1, 6, on the Bob's part. 

For mixed states p in C" <8> C" if all its eigenstates belong to the class Eq. (I2TT) and any super- 
positions of these eigenstates belong to the class too, then p can be used for faithful teleportation. 



For instance, p = Pl \^)(^\ + pi^H with |<Ai> = |(|00> + |11» + ^=(|22) + |33) + |44», 
tyi) = 1(100) + |11)) + |(|52) + |63)), P1+P2 = 1, can be used for perfect teleportation of one qubit 
state. 

Remark. In [10] multipartite entangled states are used in faithful teleportation of J-qubit state. 
If we treat such teleportation as the teleportation of pure states in C 2 '' , then it is easy to verify that 
the shared resources belong to the class of states Eq. (|2TT >. 

In the following we discuss the relations between the degree of entanglement of the resource 
state p and faithful teleportation. Here we use the well-known entanglement measure, entangle- 
ment of formation Jul to characterize the entanglement. For a pure bipartite state \i/f) AB , the entan- 
glement of formation is defined as the von Neumann entropy of either of the two subsystems A and 
B: E(\if/) AB ) = -tr{p A(B) \og 1 p A(B) ), where p A(B) = tr B(A) (\if/) AB (^\) are the reduced density matrices. 
For mixed state p with pure state decompositions p = Yii PilfiiXfiil Hi Pi = 1: the entanglement 
of formation is defined as the average entanglement of the pure states in the decomposition, mini- 
mized over all possible pure state decompositions of p: E(p) = inf PiE{\(pi)). 

It can be verified that either the maximally entangled pure state in C d <S> C d , or the mixed 
maximally entangled state p in C m ®C d , the entanglement of formation is E = log d. And entangled 
states with entanglement of formation E = log d in these vector spaces must be pure or mixed 
maximally entangled [9]. Hence one has that the states in C m ® C d (m > d) can be used for 
faithful teleportation if and only if their entanglement of formation is log d. If Bob is allowed to 
apply the measurements before the traditional teleportation protocol, the states in C d <S> C" (n > d) 
can be used for faithful teleportation if and only if their entanglement of formation is log d. For 
states p in C m ® C" with m,n > d, the entanglement of formation of p presented in this paper for 
faithful teleportation is larger than or equal to log d. One may conjecture that the entanglement of 
formation for all ideal entangled resources is not less than log J, giving rise to another necessary 
condition for quantum states to be used for faithful teleportation. 

III. CONLUSIONS 

We have investigated systematically the necessary conditions of entangled resource state C m ® 
C" (m, n>d) for faithful teleportation of \(f>) in C'. It has been shown that for n = d,p can be used 
for faithful teleportation if and only if it is maximally entangled. For m = d, p can be used for 
faithful teleportation if and only if it is a maximally entangled pure state. For m,n > d, we present 
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a class of pure and mixed states that can be used for faithful teleportation. From the point of view 
of experimental implementation of quantum teleportation [|12n . our results may help to understand 
the character of faithful teleportation and to facilitate the experimental implementations. 
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